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PAVEL KOLESNIKOV 

Abstract. In this note, we introduce a class of algebras that are in some 
sense related to conformal algebras. This class (called TC-algebras) includes 
Weyl algebras and some of their (associative and Lie) subalgebras. By a con- 
formal algebra we generally mean what is known as H-pseudo-algebra over the 
polynomial Hopf algebra H = k[Ti, . . . , T n ]. Some recent results in structure 
theory of conformal algebras are applied to get a description of TC-algebras. 



1. Introduction 

Conformal algebras, initially introduced as an algebraic tool for studying oper- 
ator product expansion (OPE) in conformal field theory, become objects of pure 
algebraic study. By the axiomatic definition appeared in [S], a conformal algebra 
is a linear space C over a field k (char Ik = 0) endowed with a linear map T and 
with a family of operations (■ t n ) : C ® C — > C, where n ranges over the set of 
non-negative integers, such that: 

(CI) for every a, b £ C only a finite number of a < n s b is nonzero; 

(C2) Ta ( „) b = -na {n _ 1} b; 

(C3) a ( „) Tb = T(a (n) b) + na {n _ 1} b. 

These relations provide a formalization of the following structure. Suppose A is 
an algebra (not necessarily associative), and let stands for the space of 

all formal power series over A in one variable z. Consider 

T = — , (a ( n \ b)(z) = Kes w a(w)b(z)(w — z) n , n > 0, 
dz 

where Hes w x(w, z) £ A^z^z^ 1 ]] denotes the coefficient of w^ 1 in a formal power 
series x £ A[[z, z _1 , w, to -1 ]]. A pair of series a, b £ A[[z, z -1 ]] is said to be local, if 
a(w)b(z)(w — z) N = for sufficiently large N . A space of pairwise mutually local 
series which is closed with respect to T and (• ( n ) •), n > 0, is a conformal algebra. 

Structure theory of conformal algebras started with [SJ [9l [10] , where the classifi- 
cation of simple and semisimple associative and Lie conformal algebras was obtained 
in "finite" case, i.e., if C is a finitely generated k[T]-module. In [T7j, the same re- 
sult was obtained for Jordan conformal algebras. In [HI EI], ^ ne next step was 
done: the structure of some classes of infinite (i.e., infinitely generated over k[T]) 
associative conformal algebras was clarified. 

Various features of ordinary algebras can be translated to conformal algebras. 
Such a translation is not a "word-to-word" one, but there is a general approach 
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how to get an analogue of some notion (construction) for conformal algebras. This 
comes from the fact that ordinary and conformal algebras are just algebras in 
certain multicategories corresponding to Hopf algebras k and k[T], respectively. 

The notion of a multicategory goes back to Lambek [14] , but we will mainly follow 
[3j in the exposition. An algebra in a multicategory is a functor from an operad C to 
the category. Given a Hopf algebra H, one may construct a multicategory A4*(H) 
associated with H . An algebra in A4*(H) is called an 7J-pseudo-algebra [2]. 

In Section [5] we state the general definition of a multicategory. Section [3] is 
devoted to the construction of the category A4*(H), where H is a cocommutative 
Hopf algebra. In Section [4] we introduce what is a TC-algebra, i.e., an ordinary 
algebra with conformal structure, and state structure theorems for such algebras. 

Throughout the paper, k is an algebraically closed field of characteristic zero. 

2. Multicategories 
Let us first fix some notation. 

Suppose m > n > 1 are two integers. An n- tuple of integers ir — (mi, . . . , m n ), 
rrii > 1, such that mi + • • • + m n — m we call an n-partition of m (but we do 
not assume rrii < rn; + i). Every partition ir can be considered as a surjection (also 
denoted by n) from {1, . . . , m} onto {1, . . . ,n} in the natural way: 

7r(l) = • ■ • = 7r(mi) = 1, 
7r(mi + 1) = • • • = 7r(mi + m 2 ) = 2, 

7r(rn — m n ) = ■ ■ ■ = ir(m) = n. 

Therefore, tt determines one-to-one correspondence between {1, . . . , m} and the set 
of pairs {(i, j) \ i = 1, . . . ,n, j = 1, . . . , m^}. This correspondence we will denote 
by A. 

By S n , n > 1, we denote the symmetric group on {l,...,rt}. Suppose tt = 
(mi, . . . ,m„) is a partition, a £ S n . Then air = (rn CT -i(i), . . . ,to ct -i(„)) is again a 
partition. Thus, S n acts on the set of all n-partitions of m. 

Given an n-partition 7r of m, a 6 S n , and a family r, G S mi {i — 1, . . . , n), one 
may define cr 7r (ri, . . . , r n ) e S m in the following way: if k <^> (i, j) then 

This composition rule turns the collection of S n , n > 1, into an operad, known as 
the operad of symmetries. 

Also, define what is to be a composition of two partitions: if p > m > n > 1, r = 
(pi, . . . ,p m ) is an m-partition of p, 7r = (mi, . . . , m n ) is an n-partition of m, then 
there exists an n-partition of p, denoted ttt = (qi, . . . , q n ), where qi = p\ + . . .p mi , 
92 = Prm+i H \-Pmi+m 2 , etc. 

2.1. Definition of a multicategory. The following definition is due to [14]. A 

similar notion was defined in [3] as pseudo-tensor category (see also [2]). We will 
mainly follow [15] in the exposition. Another approach to (essentially) same struc- 
tures was developed in a recent book [7]. 

Definition 1. Let A be a class of objects such that 
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(Ml) for any integer n > 1 and for any family of objects A\, . . . , A n , A G A there 
exists a set P^(A\, . . . , A n ; A) (simply, P n ({Ai}; A)) of n-morphisms; 

(M2) for any A\, . . . , A m G A, B\,...,B n G A, C G A, and for any partition 
7r = (mi, . . . , m n ) of m we are given a map 

n 

Comp T : P„({P 4 }; C) x JJ P mi ({^}; B,) - P ro (Ai, . . . A m ; C), (1) 

i=l 

We will denote 

Comp^^,^, ...,tp n ) = Comp" (<p, (^i)" =1 ) = <^(V>1, . .. , Vn)- 

Such a map Comp is called a composition map; 
(M3) there is a symmetric group action on n-morphisms, i.e., 

a: P£(A u ...,A n ;A)^Pf(A a - 1{lh ...,A a - 1{n y,A), (2) 

/ ~ 

such that (<jt)/ = r(af), ct,t G «!?„. 

If these structures satisfy the following axioms, then ,4 is said to be a multicat- 
egory. 

(Al) The composition map is associative. Namely, suppose we have three fam- 
ilies of objects A h G A (h = 1, . . . ,p), Bj G A (j = 1, . . . , m), Ci e A 
(i = l,...,n), a partition r = (pi,...,p m ) of p, and a partition tt = 
(mi, . . . , m„) of m. Also, let D be an object of A, and 

1>j 6 P^dAjt^Bj), Xl G P mi ({B it };Ci), tp G P n ({Ci};D) 

be multimorphisms of A. Then 

Comp T (Comp^ (p, ( Xi )?=i) , (V>j)™= i) 

= Comp^ (p, ( Comp-' ( Xi , (V>it)^i)" =1 )) , (3) 

where Tj = (pa, ■ ■ • ,Pi mi ) is the "subpartition" of r. 
(A2) For any A G .4 there exists a "unit", i.e., 1-morphism id^ G Pi (A; A) such 
that 

Comp id (") (/, id Al , . . • , id A „ ) = Comp £ (id A , /) = / (4) 

for any / G P n ({Ai}; A); here id(n) is the identity partition (1, . . . , 1), e is 
the trivial one: e — (n). 
(A3) The composition map is equivariant with respect to the symmetric group 
action, i.e., if a G S n , ir = (toi,...,to„) is a partition of to, t, G S mi 
(i = l,...,n), ^ ei'm.P,,}^,), ip € P n ({Bi},C), then 

Comp CT7r (ap, (r CT - 1(i) Va-i W )?=i) = o-*(t u . . . , r„) Comp- (p, (^)? =1 ). (5) 

Suppose *4 and £> arc two multicatcgories. A functor F : A — > is a rule 
^ i ► P(A), iei, F(A) G B, such that for any ip G P„({Aj}; A) there is F(<p) G 
P„({F(^)};F(A)) and 

• F preserves composition maps, i.e., 

F{ Cornp^ (p, (^)?=i)) - Comp- (Ffo>), (P(V0)"=i); 

• P(id^) = id F (A); 

(7 G 
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A multicategory A can be considered as an ordinary category with respect to 
Mot a (A,B) = Pf{A\B). 

It is suitable to distinguish a "linear version" of a multicategory, assuming 

• all P^({Ai}; A) are linear spaces over a ground field k; 

• the composition map is polylinear; 

• symmetric group action is linear. 

In the linear case, functors are supposed to be linear maps of spaces of multimor- 
phisms. 

2.2. Algebras in a multicategory. One of the most natural examples of a multi- 
category is the category Vk of linear spaces over a field k, where P^ k (Ai , . . . , A n ; A) 
consists of all polylinear maps from A\ x • • • X A n to A. 

A multicategory with only one object is known as an operad (see, e.g., [15]). If C 
is a (linear) operad, C is the object of C, then the multicategory structure on C is 
completely determined by the collection of spaces C(n) = Pn{G, . . . , C; C) endowed 
with the structures (M1)-(M3). 

Let us state an example of an operad that will be used later. Suppose X = 
{afi, X2, . . . } is a countable set of variables, and k{A} is the free (non-associative) 
algebra generated by X over k. 

Example 1. Let 7 be a collection of homogeneous polylinear polynomials in X . 
Denote by (7) the T-ideal of k{X} generated by I. Then A = k{X}/(I) is the free 
algebra in the corresponding variety. Define C/(n) to be the k-linear span of images 
in A of all non-associative words of length n in x\, . . . , x n . 

The action of S n on Cj(n) is just the permutation of variables (it is well-defined), 
and the composition Comp^ is the substitution with relabelling variables (also well- 
defined) : 

Comp" : (f(xi, . . . ,x„),gi(xi, . ..x mi ), . . .g n (xi, . . -,x mn ) i-> 

f(gi(xn, ■ ■ ■ ,xi mi ),g 2 (x 2 i, ■ ■ ■ ,X2m 2 ), ■ ■ .g n (x n i, ■ ■ •%„,„)), 

7r = (mi, . . . , m n ). Here we identify Xij with Xk via the partition ir as above. Note 
that any multimorphism / G Ci(n) can be obtained (up to permutation of variables) 
as a composition of id € Cf (1) and /i = x±x 2 £ Cr(2). 

Definition 2 ([3]). Let A be a multicategory, and let C be an operad. A C- algebra 
in A is a functor F : C — > A. 

This definition allows to consider the class of C-algebras as a category, but not 
as a multicategory. We propose slightly different definition in order to make the 
class of algebras to be a multicategory. 

Suppose A and B are two multicategories, and let 

F, G : A -> B 

be two functors. 

Definition 3. Consider the class of objects V{A, F, G) that consists of pairs (A, /i), 
where A £ A, fi £ P^{F{A); G(A)). Define multimorphisms on V{A, F, G) as those 
/ € Vn(Ai, . . . A n ; A) that satisfy the relation 



G(j){^ . . . ,Mn) = KHf)) G PZ{{F(Ai)y, G(A)), 



(6) 
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where (Ai,fii), (A, fj) are objects of V(A, F, G). The structure obtained is a multi- 
category of (F, G)-pseudo-algebras in A. 

For example, if A = B = V k , F(A) = A ® A, G(A) = A then an (F, G)-pseudo- 
algebra in A is just an ordinary algebra over a field. It is easy to see that in this case 
/i G P^ k (A, A; A), so there exists a functor $ : C% — > Vk, defined by $(Si) = id^, 
$(51X2) = /i. Therefore, this is also an algebra in the sense of Definition [2] Later 
we will consider another example of a multicategory, that leads to the notion of a 
conformal algebra. 

3. _ff -PSEUDO- ALGEBRAS AND iJ-CONFORMAL ALGEBRAS 

In this section, we generally follow [2] . 

Let H be a cocommutative bialgebra with a coproduct A. We will use the 
Sweedler's notation 

A(/) = /(i)®/ (2 ), (A®id)A(/) = (id®A)A(/) = / ( i ) ®/ ( 2)®/(3), etc. 

Define A fc , k > 0, as follows: A = id H , A fe = (id<8>A fc_1 )A, i.e., A k (f) = 
/(i) <8---0/(fe)- 

Consider the class of objects Ai that consists of left modules over H. The 
following structure turns A4 into a multicategory called ii-pseudo-tensor category: 

P^iAx, . . . , A n ; A) = Hom H «„ {A l ® • • • ® A n , H® n ® H A) (7) 

(the tensor product ® without any index is assumed to be over the ground field k) . 
Here we consider H® k as the outer product of regular right H- modules, i.e., 

F ■ f = FA k (f), F G H m , f eH. 

Symmetric groups S n act on P„ A) by permutations of arguments from 

Ai, . . . , A n together with the corresponding permutation of tensor factors in H® n : 

(af)(ax,...,a n ) = (a <g> H id A )f(a a ^),...,a^ n )), 

f G P^dA,}; A), a e S n , a* G A h i = 1, . . . , n. Note that a is an endomorphism 
of £Z-module iJ® n since H is cocommutative. 

To define a composition of multimorphisms Comp", 7r = (mi, . . . , to„) is a par- 
tition of to, let us first extend / G P^({Ai}; A) to an iJ® m -linear map 

n 

f : (g)(H® m > ® H A,) -> ® ff A (8) 

i=l 

as follows: if Fj G H® mi , a; G Ai, and 

/(ai, . . . , a n ) = G i ®a &j> G 3 G IT®", 
i 

then 

f{Fi ®h a%, . . . , F„ <8>ff a n ) 

= {F x ® ■ ■ ■ ® F„) ^(A" 11 " 1 ® ■ ■ • ® A m "- 1 )(G,) ®h (9) 
i 
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Suppose 7r = (mi,...,m n ) is a partition, and consider An , . . . , Ai mi G A4, 
B t eM,CeM, f t e P^({A y } ; B,). / 6 ^(W; G), i = 1, . . . If 

fi(an, . . . , a im J = ^ ®# G H® m \ bij G 

then define Comp^/, /i, ...,/„) = /(/i, ...,/») by ©: 

/ i ■ ■ • i /n) (^lli • ■ ■ ; ^lmn • ■ ■ i Q"nl ; ■ • ■ ; dnrrin ) 

= /(/i(au, ■ ■ ■ ,airai), ■ ■ ■ ,/«(a )) (io) 

The class M. with multimorphisms ([7]) and their compositions (JTUJ) is a multi- 
category denoted by M*(H) [2j. 

If H = k, i.e., dimiJ = 1, then this category is just the category of linear spaces 
Vk with polylinear maps as multimorphisms. 

Consider the following two functors F and G from M*(H) to M*{H® 2 ), where 
H ® H is considered as the tensor product of bialgebras: if A is an iFmodule then 

F:A^A(g>A, G : 4h H m ®h A. (11) 
Indeed, if / e P^' [H) (A 1: . . . , A n - A), 

f(ai, a n ) = y j fij ® • ■ • ® / ni ®_h- Cj, 

i 

then 

F(f)(ai ® 6i, . . . , On ® &n) = X! -ft J ® fflfc ® " ' ® ® ffnfc ® ff ® 2 ( C J ® dk ^ 

3,k 

This expression is well-defined. 

In the same way, G acts on multimorphisms as follows: if / G ({A4}; A), 

f(ai, On) = <8> • • • ® /nj ®ff &i, 

then 

G(/)(Gi® H ai, . . ..GnSjffOn) = ^ GiA(f 1:j )<g>- ■ ■®G n A(f nj )® H m 

i 

G iJ® 2 , /jj € H, bj € A, i = 1, . . . ,ti. This definition is correct since iJ is 
cocommutative. Therefore, G : A^ H ® H ®jj A is indeed a functor of multicate- 
gories. 

Definition 4. An H -pseudo-algebra is an (F, G)-pseudo-algebra in Ai*(H), where 
F and G are the functors defined by (|TT|) . 

This definition is equivalent to the one of [2], where a pseudo- algebra was defined 
as an B-module endowed with an (H®H )-linear map (pseudo-product) * : A® A — > 
H ®H ® H A. 

Let Ci be the operad from Example Q] Then a Cj-algebra in M*{H) in the sense 
of Definition [2J is also an ii-pseudo- algebra since \i is the image of x\xi- Conversely, 
for any ff-pseudo-algebra (A, //) one may construct a functor $,4 : C$ — > M.*{H) 
in such a way that $a(G) = A, = itU, $^(^1^2) = M- (Recall that all 
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multimorphisms of C% can be constructed via compositions and permutations of 
variables from ~x\ and xTxz- ) 

In order to show that for H — k[T] (with the canonical Hopf algebra structure) 
an iJ-pseudo-algebra is the same as a conformal algebra, we have to describe the 
pseudo-product ^ : A® A — > H (g> H £g># A in terms of "usual" algebraic operations. 

Suppose that H is a Hopf algebra with an antipode S. One may consider a linear 
isomorphism <E>: H ® H ^> H ® H defined as follows: 

$ : / ®. 9^ fS (5(i))® 5(2)- 

The inverse is easy to find: 3> -1 (/ (8) <?) = /<7(i) <8> 5(2)- Therefore, one may choose 
an ii-basis of the product H (g) if of regular right modules in the form {hi® l}igj, 
where is a basis of if. Then we have a well-defined map 

l: {H®H)® H A^H®l®A~H®A. 

Thus, the pseudo-product can be completely described by a family of binary Ik-linear 
operations 

(• {x) ■) : A <g> A -> A, 
where x ranges over the dual space X = if*. These operations are defined by 

(a (x) b) := «x, S(-)> <8> id A )t(a * 6 ), ( 12 ) 

and satisfy the following axioms: 

(HO) (a (a^+zjy) = a(a {x) b) + j3(a (y) b); 

(HI) (locality) codimja; G X \ (a m b) = 0} < oo; 

(H2) (sesqui-linearity) 

(fto ( x ) 6) = a (:c/l ) 6, (a (j.) Kb) = h {2 ){a (S(h (1) )x) b). 

An algebraic system obtained on a left iT-module A with operations (• m •), 
x E X = H* , satisfying the axioms (H0)~(H2) is called an H- conformal algebra 

In particular, if H = k then this is just an ordinary algebra. If H = k[T] then 
X ~ k[[t]], and it is enough to consider x = t n , (t n ,T m ) — 5 n , m n\. Then 

(a (n) &) = (a ( t ») 6), 71 > 0, 

together with the action of T on A determines the structure of a conformal algebra 
on A in the sense of [5] (see Introduction). Therefore, a conformal algebra is just 
an iJ-pseudo-algebra in the sense of Definition |4j 

The notions of associative (commutative, Lie, etc.) conformal algebras can also 
be translated to the language of pseudo-algebras in a general way. One approach was 
proposed in [16) , using the notion of a coefficient algebra. Namely, for any conformal 
algebra A there exists uniquely defined ordinary algebra Coeff A (coefficient algebra, 
or annihilation algebra [10]) such that (Coeff A) [[z, z" 1 )] "universally contains" the 
conformal algebra A. If V is a variety of algebras and Coeff A 6 V then A is 
said to be a V-conformal algebra. Such algebras form a category with respect to 
homomorphisms of conformal algebras. 

Another approach is to apply Definition [21 If V is a variety of ordinary algebras, 
then there exists a collection I = I(V) of polylinear homogeneous defining identities. 
If A is an ii-pseudo-algebra and the functor $a '■ — > A can be restricted to Cj 
then it is natural to say that A is a V-algebra in A4*(H). The class of all such 
pseudo-algebras form a category. 

In [TT] it was shown that the last approach is equivalent to the one of [TB] . 
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Theorem 1 ( 1 lj ) . Let V be a variety of algebras. A conformal algebra A is a 
V -algebra in A4*(k.[T]) if and only z/Coeff A is a V -algebra. 

4. TC-ALGEBRAS 

In this section, by conformal algebras we mean (F, G)-pseudo-algebras in Ai*(H), 
H = k[Ti, ...,T n ], corresponding to the functors F : X ^ X ® X, G : X ^ 
H ® H ®h X. The algebra H is considered as a topological algebra with basic 
neighborhoods of zero given by powers of the augmentation ideal (Ti, . . . , T n ). 

Suppose A is a (Hausdorff) topological algebra endowed with continuous deriva- 
tions dx, ■ ■ ■ ,d n . A map a : H — > A is said to be translation-invariant (T-invariant, 
for short) if 

d 

a—=dia, i = l,...,n. (13) 

Denote the set of all continuous T-invariant maps from H to A by J 7 (A). 
Example 2. (i) Consider A — A n , where 

A„ = k(pi, ...,p n ,Ql,---,Qn I \Pi,Pj] = fe, Qj] = 0, [qi,Pj] = Si,j) 

(the nth Weyl algebra) with respect to q-adic topology i.e., the system of basic 
neighborhoods of zero is given by left ideals Q\ D Qi D . . ■ , 

n 

Qk = ^ k>l. 
»i, •••>**=! 

Derivations di = [-,Pi\ are continuous, and for any / G k[pi, ■ • ■ ,p n ] the map 

a f :T?\..T^»fq^... q %> 

is continuous and T-invariant. 

(ii) Consider W n C A„, W n — J27=i ^[Pi; ■ ■ ■ :Pn}li, i-e., the space of all deriva- 
tions of H . This is a topological Lie algebra with respect to p-adic topology. Deriva- 
tions di = [qi, ■] are continuous, and for any i = 1, . . . , n the map 

^ ...T* n b+jy ...pl n qi 

is continuous and T-invariant. 

Note that J- (A) can be considered as an iJ-module with respect to 

(T t a)(f) = -a f |0 = -dia(f), a G F{A), f G H. 

If B is a subspace of A then by .F(-B) we denote the space of all B-valued maps 
from T{A). If C is an iJ-submodule of J- {A) then by A(C) we denote the subspace 

A(C) = {a(f) \aeC,fe H}. 

Note that B D A{F{B)), T(A(C)) D C. 

Definition 5. A topological algebra A with continuous derivations di, i = 1, . . . , n, 
is said to be a TC-algebra if A = A{T{A)). 



ASSOCIATIVE ALGEBRAS RELATED TO CONFORMAL ALGEBRAS 



9 



For any TC-algebra A the derivations di necessarily commute and each of them 
is locally nilpotent. 

For example, the polynomial algebra H = kpi, . . . , T n ] is an associative TC- 
algebra, id# E F(H). If n is even then the same H with respect to the Poisson 
bracket 

is a Lie TC-algebra (as usual, denoted by P n ). 

The Weyl algebra from Example is an associative TC-algebra. The Lie algebra 
W n C An"' is also a TC-algebra, as well as its classical subalgebras S n = {D E W n \ 

k 

Dv = 0} and H n = {D E W n \ Ds = 0}, v = dl\ A • ■ ■ A dT„, s = ~£ dT; A dT k+i , 

i=l 

n = 2k. 

Remark 1. Note that W n is not a TC-subalgebra of An \ One has to consider 
p-adic topology on W n and set di = [qi , •] = . The same settings work for S„ 
and H n . Let us consider H n in details. It is well-known that H n is a homomorphic 
image of P n : f ^ {/, •} E H n , f € H. It is obvious that the map a : H — * H n , 
a(f) = {/, •} is continuous and T-invariant. 

TC-algebras form a category where morphisms are continuous homomorphisms 
of algebras commuting with di, i — l,...,n. By an ideal of a TC-algebra A we 
mean a ^-invariant ideal of A. 

Proposition 1. (i) If A is a TC-algebra then the matrix algebra Mjv(^4) is also a 
TC-algebra. 

(ii) If A is an associative TC-algebra and a : A —> A is a continuous di-invariant 
involution then Sym(v4, a) and Skew(A, a) are Jordan and Lie TC-algebras, respec- 
tively. 

(hi) If A is a TC-algebra for H' = k[Ti, . . . , T r ], n > r, then the polynomial 
algebra A[T r +i, . . . , T n ] is a TC-algebra for H = k[Ti, . . . , T n \. 

Proof, (i) Suppose x — [a,ij{fij)) € Mjv(A). Then x can be presented as x = 
(b tj (T a )) for an appropriate a = (a u . . . , a n ) e Z^, T a = Tf 1 Hence, 

x = b(T a ), b= (by) GMjv(^(A)). 

(ii) Just note that for every a G ^"(-A) the maps / i— > a(/) ± aa(f), f E H, also 
belong to .F(A). 

(hi) Define additional derivations and topology on A' = A[T r+ i, . . . ,T n ] in the 
usual way. Then for any continuous T-invariant map a : H' — » A the map a' : H — > 
A' given by 

a'(TT ■ ■ • T:») - a^ 01 . . . r;")T r Q ;r . . . T„ a " 
is also continuous and T-invariant. □ 

The problem of studying a TC-algebra A can be reduced to the space F{A). The 
last object is in some sense smaller, but the algebraic structure on J- (A) is more 
complicated. 

One may define a family of bilinear operations 

{■ uy ):T(A)®T{A)^T(A), f E H, 
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in the following way: 

(a (f) b)(g)=a(f {1) )b(S(f (2) )g), a,b G F(A), f,g G H, (14) 

S stands for the standard antipode in H. It is easy to check that T^a G ^(A), 
(a(/)6) G T{A) for every a, 6 <E ^"(A). 

Identify the space of polynomials H with a subalgebra of H* (getting product in 
H* as dual to the coproduct in H) in the natural way: T t ^ T*, where (T*, Tj) — 
<5j.j . Then T{A) turns into an iJ-module endowed with bilinear operations indexed 
by H* . It is straightforward to show that (HO) and (H2) hold (cf. [2]). However, 
(HI) does not hold in general. But if C is an iJ-submodule of !F(A) that consists 
of elements satisfying (HI), and C is closed under all operations (• ^ •), / G H, 
then C is a conformal algebra. 

One may interpret Theorem [T] as follows. 

Theorem 2. Suppose a TC-algebra A belongs to a variety V. Then any conformal 
algebra C C J- (A) is a V -algebra in A4*(H). 

Proof. It is sufficient to perform the same computations as in for multi-dimen- 
sional case. □ 

There is a sufficient condition for entire !F(A) to satisfy (HI), i.e., to be a con- 
formal algebra. Now A is supposed to be associative, Lie, or Jordan. 

Let M be an H- module, E = EndjjM. One may consider E as a topological 
algebra with respect to finite topology [8], i.e., such that basis of neighborhoods of 
zero is given by subspaces 

U ull ..., UN ={ip S E\ ipUj = 0, j = 1, .. . ,iV}, Ux,...,u N € M. 

Then di = [■, T,] G Der E, i = 1, . . . , n, are continuous derivations. 

Definition 6. A TC-representation of a TC-algebra A is a continuous ^-invariant 
representation p : A — + End^ M. In this case, M is said to be a TC-module over A. 

For example, the space H itself with respect to the canonical action of the Weyl 
algebra can be considered as a TC-module over A„. 

Proposition 2 (cf. [2J). Let A be a TC-algebra. If A has a faithful TC-represen- 
tation p on a finitely generated H -module M then ^"(^4) is a conformal algebra. 

Proof. Suppose M is generated over H by elements u\, . . . ,un G M. It follows 
from the definition of finite topology that dim p(a(H))ui < oo for every a G J 7 {A) 1 
i = 1, ... ,n. Moreover, there exists s > 1 such that p(a(I s ))ui = for all i, where 
/ is the augmentation ideal of H . 

Relation (TTJI implies that for every a. b G J~(A), f G I K , K > 1, we have 

K 

(« (/) W.9) e ]>>(/ fc )&(/ x - fc ), geH, 

where 1° = k. 

Let s stands for a number such that p(b(I s ))ui = for all i = 1, . . . , n. Denote 
V = Yh=i p(b(H))ui C M. Since dimF < oo, there exists m > 1 such that 
p(a(P n ))V = 0. If Kx > s + m then p(a(I k )b(I K i- k )) Ul = for all k = 0, . . . , K lt 
i = 1, . . . ,n. In the same way, we can find K 2 such that p(b(I K2 ~ k )a(I k ))ui = 
for all k = 0, ... , K 2 , i = 1, . . . , n. Since p is a representation of A (recall that 
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A is either associative, or Lie, or Jordan), we obtain p((a (/) b){g))ui = for all 
/ G I K , K > m&x{Ki, K2}, g G H. It remains to note that cVinvariance of p 
implies (a ^ b) = 0. □ 

Corollary 1 (cf. [10]). The following objects are associative conformal algebras: 

• F(M.n(H)) — Cur^r (current conformal algebra over Mjv Q&))>' 

• J-(A n ) — Cend™ (conformal Weyl algebra); 

• JF(M7v(A„)) = Cend^r (algebra of conformal endomorphisms of a free N- 
generated H -module); 

• ^(Ajj.jv.q) = Cend^g, where Ki,N,Q = Mjy(A n )Q(pi, . . . ,p n ), Q is a 
matrix over k[pi , . . . , p n ] . 

The last conformal algebra appears from TC-subalgebra A^jv.Q of the matrix 
Weyl algebra. If detQ ^ then Cend^g is simple [TO] . 

By abuse of terminology, let us call a TC-algebra A satisfying the condition of 
Proposition [2] by a TC-algebra with finite faithful representation. If, in addition, 
T(A) is a finitely generated ff-module then A is said to be finite TC-algebra. 
A conformal algebra which is finitely generated over H is also called finite. 

The structure of finite simple and semisimple Lie conformal algebras was com- 
pletely described in [5j {n = 1) and [2] (n> 1). Finite Jordan conformal algebras 
were considered in |17j (n — 1), where simple and semisimple algebras were de- 
scribed. Our aim is to present a similar result for the general class of not necessar- 
ily finite associative TC-algebras with finite faithful representation. The complete 
solution is known for n = 1 (for n = this is the classical Wedderburn Theorem). 
Throughout the rest of the paper we consider associative algebras only. 

Proposition 3. Let A be a semiprime (i.e., without nonzero nilpotent ideals) TC- 
algebra with finite faithful representation. Then T{A) is a semiprime conformal 
algebra. 

Proof. Relation (fTi)) implies that 

a(f)b{g) = (a b)(f {2) g), a, be T{A), f,g G H. 

Therefore, if J-(A) has a nonzero abelian ideal J then {a(f) \ f G H, a G J} is a 
nonzero abelian ideal of A. □ 

Theorem 3. Let A be a TC-subalgebra of Mjv(A„). // the subalgebra A\ = 
k[pi, . . . ,p n ]A acts irreducibly on M = H ® then A\ is a left ideal in Rf/v(A„) 
which is dense with respect to the q-adic topology. 

Proof. Let us first note that Ai is a subalgebra. Indeed, api = p^a + di(a), a G A, 
i = 1, ... ,7i. Hence, A1A1 C A\. 

The centralizer V = Endy^ M of A\ in EndM is a division algebra. Consider 
^ (p G V, ^ a G A, f G H. Then fa = f(pi, ■ ■ ■ ,p n )a G Ai, and we have 

[ip, f]a = (p(fa) - f(tpa) = 0. 

Note that [ip, f] G V since for every b G A\ the commutator [f,b] belongs to A\. 
Therefore, for every / G H, cp G V we have pf = fp, soPC Mn(H). Identity 
endomorphism of EndM belongs to V. But it is clear that Mjv(_ff) contains no 
division algebra with the same identity except for T> — k. Hence, A\ is a dense 
subalgebra of Mat(A„) C EndM with respect to the finite topology on End M (over 
k). This topology is actually equivalent to the g-adic topology. 
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Now, consider J-(Ai) D J 7 (A) — C. Since every TC-algebra B acts on F(B) as 
on a left module by the rule 

a(/) • b = (a (/) b), a,beF(B), f e H, 

we have Ai ■ J-(A\) C T(A\). Since A\ is dense, ^(^1) is a left ideal of Cend^r = 
.F(Mjv(A„)). It follows from dHJ) that Ai is a left ideal of Mjv(A n ). □ 

For n = 1, the last theorem allows to deduce what is a structure of simple 
and semisimple conformal algebras with finite faithful representation [13j . In the 
language of TC-algebras, these results may be stated as follows. 

Theorem 4. Let A be a TC-algebra over H = k[T] with finite faithful representa- 
tion. 

(i) If A is simple then A ~ M N (H) or A ~ Ai^.q, det Q ^ 0. 

(ii) // A is semiprime then A is isomorphic to a finite direct sum of simple ones 
from (i). 

Proof. By Proposition [3] if A is semiprime then C = F(A) is semiprime. In |13j it 
was shown that a semiprime conformal algebra C with finite faithful representation 
is isomorphic to a direct sum of algebras Ci, Ci ~ Cur^ or C'i ~ Cendjv^Q;, 

detQ; ^ 0. Therefore, A = A{C) = A^Q^^j = ©.^(Q), that proves (ii). 

Note that A is even semisimple. Statement (i) is now obvious. □ 

Theorem 5. // A is a TC-algebra with finite faithful representation then its Ja- 
cobson radical is nilpotent. 

Proof. Consider C — J-(A). It was shown in [13] that an associative conformal 
algebra with finite faithful representation has a maximal nilpotent ideal (radical). 

Suppose R is the radical of C. It is easy to show that C/I is a conformal algebra 
with finite faithful representation. Then A(R) C A is a nilpotent ideal, and Aj AiT) 
is isomorphic to A(C/I) which is semisimple. Therefore, J (A) = A(R). □ 

5. Open problems 

1. Describe irreducible conformal subalgebras of Cend^r for n > 1, i.e., those C 
that k[pi, . . . ,p n ]A(C) acts irreducibly on M = H <S> k N ■ 

This is equivalent to the problem of description all TC-subalgebras A C Mjv(A„) 
such that k[pi, . . . acts irreducibly on M = H Cg) k^. Theorem [3] provides an 

important property of such algebras, however, the complete description is obtained 
only for n = 1 [13] (for n = this is the classical Burnside's theorem). For 
n = 1, the corresponding TC-algebras are (up to automorphism) M.n(H) and 
W N ^ Q = Mjv(Ai)Q(p), detQ + 0. 

2. Describe irreducible Lie conformal subalgebras of gc^ = J-(gl(H CS> k^)), 
H = k[T 1 ,...,T n }. 

A great advance in this problem was obtained in [6] and in [18j . but there is no 
complete solution even for N = n = 1. In 4], the following conjecture was stated: if 
C is an infinite irreducible Lie conformal subalgebra of gcjj then the corresponding 
TC-algebra L = A{C) is isomorphic either to W^~~q or to Skew( Wn,q, o~) for an 
appropriate TC-involution a of Wn,q, detQ ^ 0. 
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